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Abstract The method of nonlinear parabolized stability equations (PSE) is applied in the simulation
of vortex structures in compressible mixing layer. The spatially-evolving unstable waves, which
dominate the vortex structure, are investigated through spatial marching method. The instantaneous
ﬂow ﬁeld is obtained by adding the harmonic waves to basic ﬂow. The results show that T–S waves
do not keep growing exponentially as the linear evolution, the energy transfer to high order harmonic
modes, and that ﬁnally all harmonic modes get saturated due to nonlinear interaction. The mean
ﬂow distortion induced by the nonlinear interaction between the harmonic modes and their conjugate
harmonic ones, makes great change of the average ﬂow and increases the thickness of mixing layer.
PSE methods can well capture the two- and three-dimensional large scale nonlinear vortex structures
in mixing layers such as vortex roll-up, vortex pairing, and Λ vortex. c© 2012 The Chinese Society
of Theoretical and Applied Mechanics. [doi:10.1063/2.1203202]
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Compressible mixing layer ﬂow is a complicated, un-
steady and nonlinear ﬂuid dynamics issue. The study of
the mixing mechanism has great theoretical and engi-
neering importance, such as to the enhancement of mix-
ing eﬃciency in scramjet, the suppression of the aero-
optic phenomenon in guided missiles1 and the radiation
of aeroacoustic noise in airlines.2 As the ﬂow structure
of mixing layers is dominated by the instability waves,3
the stability analysis of disturbance forms the basis of
the active and passive control of mixing layer.
The method of parabolized stability equations
(PSE) is very diﬀerent from the direct numerical simula-
tion (DNS) which resolves all of the instantaneous ﬂow
quantities or disturbance quantities. The PSE method
decomposes the disturbances into multiple harmonic
modes in Fourier space by fast Fourier transform.4 The
assumption of slow-varying in streamwise direction en-
ables the stability equations to be solved by spatial
marching method. This leads to a highly eﬃcient sim-
ulation of ﬂow ﬁelds. Because the approximations of
locally-parallel ﬂows and small disturbances are not em-
ployed, the PSE method can deal with the nonparallel
and nonlinear eﬀects, and hence is an eﬀective way for
the stability analysis of mixing layer.
The nonlinear development is one of the most im-
portant stages of the disturbance evolution. In this pa-
per, a nonlinear PSE (NPSE) method is adopted in the
nonlinear vortex structure simulation of supersonic mix-
ing layers.
The instantaneous quantities in the compressible
Navier-Stokes equations are decomposed into basic
quantities and ﬂuctuating quantities, and then the ﬂuc-
tuating components are modeled with the general form
of traveling waves. When the slow-varying property of
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PSE theory is introduced,4,5 we can obtain the following
nonlinear parabolized stability equations[
Dˆ(m,n) + Aˆ(m,n)
∂
∂x
+ Bˆ(m,n)
∂
∂y
+ V lyy
∂2
∂y2
]
·
ψ(m,n) =
[Fn](m,n)
A(m,n)χ(m,n)
,
m = (−∞,+∞) n = (−∞,+∞), (1)
where subscript ‘(m,n)’ denote the two dimensional
Fourier modes in time and spanwise directions. ψ(m,n)
are the shape functions, including the shape functions
of velocity, temperature, density and pressure. Coef-
ﬁcient matrices, namely Dˆ(m,n), Aˆ(m,n), Bˆ(m,n)and V
l
yy,
are related to the basic quantities, mode frequencies and
mode wavenumbers. The nonlinear terms Fn demon-
strate the Fourier modes interacting each other. And
hence governing equations of disturbances are trans-
formed to a system of mode equations.
We maintain the second order terms in Fn, so that
the nonlinear action on any mode (m, n) can be ex-
pressed as the sum of the interactions between any two
modes (m1, n1) and (m2,n2) if m1 + m2 = m and
n1 + n2 = n. So F
n can be written as follows
[Fn](m,n) =
+∞∑
m1=−∞
+∞∑
n1=−∞
N(m1, n1,m2, n2) ·
A(m1,n1)A(m2,n2) · χ(m1,n1)χ(m2,n2), (2)
where m2 = m−m1 and n2 = n− n1.
Before the solution of the nonlinear parabolized sta-
bility equations, grid stretching is used to oﬀer high
resolution of the mixing layer ﬂow in the shear re-
gion for ﬁnite grid number.6 The mapping used here
is y = L sinh(bη)/ sinh(b). The mapping coordinate
η ∈ [−1, 1], and the physical domain y ∈ [−L,L]. Fi-
nally, a forth-order central diﬀerence method is used for
032002-2 X. Guo, and Q. Wang Theor. Appl. Mech. Lett. 2, 032002 (2012)
discretization in the normal direction, while a ﬁrst-order
backward diﬀerence method is chosen for streamwise
derivatives.7
When introducing the traveling waves, the varia-
tion of disturbance in streamwise direction is absorbed
into either the shape function ψ(m,n) or the complex
streamwise wavenumber α(m,n). The constraint is usu-
ally imposed on the streamwise growth of ψ to eliminate
the ambiguity in the streamwise direction. The present
investigation adopts the following formula to constrain
the streamwise variation of ψ∫ ymax
−ymax
(v˜)+m(v˜x)m d y = 0. (3)
A prediction-correction method is employed in the
spatial marching procedure. Based on the previous nor-
malization condition, the correction step of α for each
mode is as follows
Δα = −i ·
∫ ymax
−ymax
v˜+i (v˜i − v˜i−1) d y ·
(
Δx ·
∫ ymax
−ymax
v˜+i v˜i d y
)−1
. (4)
Basic ﬂow and initial disturbances should be given
before the spatial marching procedure. The similar so-
lutions of compressible mixing layers are used to ob-
tain the basic ﬂow.8 The results of linear stability the-
ory (LST) analysis9 are used as the initial conditions
of main disturbances. For high order harmonic waves
which are usually linearly stable, the nonlinear stability
equations without streamwise derivatives and vertical
velocity component form the approximation of locally-
parallel ﬂow are solved to get their initial conditions.
The ﬁrst computation case is to investigate the abil-
ity of nonlinear PSE to capture the structure of vortex
roll-up. Reynolds number is 5 000, incoming Mach num-
bers M1 = 2.5 and M2 = 1.5 respectively, and temper-
ature ratio is 1.0. At the inlet, the two-dimensional
modes (n = 0), namely the fundamental (m = 1) and
ﬁrst harmonic (m = 2), are imposed using their LST
solutions. The fundamental mode has the frequency of
the most ampliﬁed disturbance (ω = 0.578 1). The am-
plitudes of the fundamental mode and its ﬁrst harmonic
mode are 0.000 5 and 0.000 1 respectively. The high or-
der modes (m > 3) and mean ﬂow distortion (m = 0)
are calculated through the parallelization form of non-
linear stability equations previously mentioned.
The spatial evolution of disturbances is shown in
Fig. 1, where the growth rates of fundamental mode
and its ﬁrst harmonic mode agree well with the DNS
results.10 The PSE method fulﬁls the simulation in less
than one hour, which is much more eﬃcient than DNS.
Owing to nonlinear interaction, the fundamental mode
does not keep growing exponentially, which is diﬀerent
from its linear counterpart (LPSE, dash line). When
the amplitudes get large enough, the fundamental mode
turns to nonlinear evolution and its growth rate de-
creases gradually. The energy evolutions of various
Fig. 1. Spatial evolution of disturbances in the streamwise
direction.
modes show that under the excitation of the initial small
disturbances and the nonlinear interactions, the calcu-
lated modes with diﬀerent frequencies can be ampliﬁed
to a high level and the nonlinear eﬀect redistribute en-
ergy in the Fourier domain through transferring the en-
ergy from basic ﬂow and low frequency modes to high
order modes.
Nonlinear interactions between modes and their
conjugate ones result in the contributions to the mode
with zero frequency, which is called mean ﬂow distortion
(MFD). The energy of MFD gets up to the level of fun-
damental wave as shown in Fig. 1(b), and makes great
change to the basic ﬂow. Figure 2 gives streamwise
velocities of mean ﬂow distortion at diﬀerent x loca-
tions, and Fig. 3 gives the contour lines of time-averaged
streamwise velocity. Mean ﬂow distortion increases the
thickness of mixing layer and enhances the mixing eﬃ-
ciency.
Since the shape functions, wavenumbers and growth
rates are available, the instantaneous ﬂow ﬁeld can be
obtained by adding all harmonic modes to basic ﬂow.
The instantaneous spanwise votex is given in Fig. 4. It
clearly demonstrates the formation, development and
saturation of the primary vortex. It should be noted
that the NPSE method can rapidly and eﬀectively cap-
ture the nonlinear large scale vortex structure, which
makes the NPSE method an eﬀective tool for the sim-
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Fig. 2. Streamwise velocities of mean ﬂow distortion.
Fig. 3. Time-averaged streamwise velocity.
ulation of mixing layers. At about x = 60, the funda-
mental mode which has the highest energy level goes
into the stage of nonlinear development. With the fast
nonlinear growing of high order harmonics, the primary
vortex gradually rolls-up and enlarges. The vortex size
gets largest in the region of x = 110–120, and ﬁnally
saturates.
Next, the NPSE method is further used to investi-
gate vortex pairing, where the fundamental mode and
its subharmonic mode dominate the ﬂow ﬁeld. Simi-
larly, they are set by small amplitudes, and their initial
conditions are also derived from LST analysis. Reynolds
number is 2 000, incoming Mach number M1 = 1.6 and
M2 = 1.2 respectively, and temperature ratio is 1.0.
Frequency of fundamental mode is 0.724, and the am-
plitudes of fundamental mode and its subharmonic are
0.005. Comparison of the instantaneous spanwise vor-
tex pairing obtained by the NPSE method and that by
the DNS method is performed in Fig. 5. At the sta-
tion of x = 50, the fundamental mode get saturated,
and the vortex rolls-up. The subharmonic mode grows
rapidly and exceeds the fundamental one at the sta-
tion of x = 120. Meanwhile, a pair of vortices start to
merge into a new one, and the distance of the centers
of neighboring vortices become twice the wave length of
Fig. 4. Instantaneous spanwise vortex.
Fig. 5. Comparison of vortex pairings from PSE and DNS.
Fig. 6. Λ structures at the early stage of transition (pressure
iso-surface).
the fundamental mode.
Finally we investigate the evolution of three-
dimensional disturbances using NPSE method. An
important characteristic in three-dimensional mixing
layers is usually the appearance of Λ vortex at the
early stage of transition. At the inlet, unstable two-
dimensional disturbance (m = 2, n = 0) and its unsta-
ble three-dimensional subharmonic disturbance (m = 1,
n = 1) are introduced, and high order harmonic modes
are generated by nonlinear interaction. The Reynolds
number is 5 000, incoming Mach number M1 = 2.5 and
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M2 = 1.5, respectively, and the temperature ratio is 1.0.
The frequency of fundamental mode is 0.8, the spanwise
wavenumber of three-dimensional subharmonic mode
is 0.5, and the amplitudes of fundamental and three-
dimensional subharmonic modes are 0.000 5. The pres-
sure iso-surfaces are exhibited in Fig. 6. With the grow-
ing of three-dimensional subharmonic disturbance, the
spanwise variation of the two-dimensional mixing layer
appears and Λ structures also appear which distribute
periodically in the spanwise direction and stagger in the
streamwise direction. It is a typical phenomenon of H-
type transition. The Λ vortex structures obtained by
the NPSE method are qualitatively consistent with that
from DNS calculations and experimental visualizations
in relevant literature.11,12
This research shows that NPSE method is a rapid
and eﬀective method for the simulation of the nonlin-
ear evolution of disturbances and the complicated large
scale vortex structures in supersonic plane mixing lay-
ers.
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